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ONTHEFORMOFTHETURBULENTSHN-FRICTIONLAW
ANDITSEXTENSIONTO COMPRESSIBLEFLOWS
By ColemanduP.Donaldson
EHJMMARY
A derivationoftheformoftheincompressibleturbulentskin-
frictionlawforan insulatedflatplateismadeinsucha waythatit
maybe extendedto compressibleflows.Theratioof compressibleto
. incompressibleskinfrictionisobtained,andtheresultsareshownto
be inagreementwithexistingexperimentalresults.
.
INTRODUCTION
Themagnitudeoftheskin-frictiondragencounteredby a flatplate
immersedina fluidatReyuoldsnumberslargeenoughto insureturbulent
flowhasbeenoneof thebasicproblemsof aerodynamics.Fromthetheo-
reticalapproachesof PrandtlandvonK&n&n (fora resu”,seerefer-
ence1)andtheexperimentalworkofnumerousinvestigators,principally
NikuradseandLudwiegandTillmann(seereferences2 and3), muchhas
beenlearnedoftheformsof theturbulentboundary-layervelocitypro-
fileandtheskinfrictionassociatedwiththeseformsin incompressible
flows,althoughtheexactmechanismsinvolvedarestillnotcompletely
understood.
Recently,themagnitudeof theturbulentskinfrictionon a flat
plateathighMachnumbershasbecomeof greatinterest,andseveral
papershavebeenwrittenonthissubjectpresentingboththeoretical
treatmentsoftheproblemandtheresultsof skin-frictionmeasurements
atMachnumbersbetween1.5 and3.0. (see references4t08. )
Theagreement.betweenthesetheoriesandtheexper~entaldatathat
existis,ingeneral,satisfactory.Thestatusof theproblem,however,
issuchthata simplephysicalapproachtotheextensionoftheincom-
pressibleskin-fri&ionlawsto thecompressiblecase
. able. Thepurposeofthispaperistopresentsucha
picture.
.
wouldseemdesir-
simplephysical
.-
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&w()skin-frictioncoefficient—pouop
roughnessheight—
constant”relatingmixinglen~hto y
mixinglength
constants
Machnumber
definitiveratiooftotalshearstressto laminarshearstress
Reynoldsnumber()
UL8L
~
()Reyuoldsnumber ~
()U05Reynoldsnumber —
~o
absolutetemperature
velocityinx-direction
velocityiny-direction
distance-alongsurface
distancenormalto surface
ratioof%pecificheats
boundary-layerthickness
l
l
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P viscosity
*
v kinematicviscosity
P density
T totalshearstrdss
Subscripts:
L conditionsatedgeof laminarsublayer
o free-streamconditions
lam stressproducedby
.
turb stressproducedby
. w wallconditions
laminaractionalone
turbulentactionalone
THEINCOMPRESSIBLESKIN-FRICTIONLAW
Iftheshearingstressdueto turbulence
velocitygradientisassumedtobe givenby
. #& au
‘turb ayF I
ina regionsubjecto a
whichisthemixing-lengthformulaofPrandtl
theequationofmotiontobe satisfiedby the
plateis
r
(seereference
boundarylayer
Uau+v
ax g=k$=$$~$+@2($y
Manyinvestigatorshaveestablishedthatformostpurposes
1, p. 130),
ona flat
(1)
\
()1u y’ii—=‘JO E (2)
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isanadequaterepresentationoftheboundary-layervelocityprofile
outsidea verythinlaminarsublayer.I’ora flatplateintheabsence
ofpressuregradient-thevalueof n isapproximately7. It isalso
well-knownthatthevalueofthemixinglengthintheboundarylayer
nearthelaminarsublayerisgivenby
l=ky
where k isapproximately0.4.
Whentheprecedingfactsareused,theratioofthetotalstress
to thelaminarstressatpointsintheboundarylayer nearthewall
maybe foundinthefollowingmanner:
Since
theinsertionof
tion(2),namely,
~$ ()+pz2&12T b
—=
Tlam &p by
1 fromequation(3)and &@y obtainedfromequs-
(3) ‘
l-n
au uoy~
—=
by 1iin5
yields
T
a-l+
Tlam
n+l
uok2yY
1
Thisequationisconsistentwiththeidea
theboundarylayerbecomesprincipallyaminar
thatthetotal
asthesurface
plateisapproached.Theextent‘ofthislaminarsublavermay
(4)
stressin
of-the
be reckoned
by computingthevalueof y wheretheratioofthet&al s~resstothe
hminarstressiS givenby somedefinitiveratio.men thisdefinitive
ratiooftotalstressto laminarstressisasswd tobe r, thenfrom
equation(4)
.
“
.
l
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andtherelativethicknessof
&
nvbn
thehminarsublayeris
Jl_
[ 1
n(r- 1) v ‘+1
k2 —U.8
(5)
(6)
Thevelocityintheboundarylayeratthispointmaybe computedfrom
equation(2)andisfoundtobe
(7)
IntheregionO S y~ bL theflowisprincipallyaminarand,
aT a%since —=p—=
ay # O atthewallasmaybe seenfromequation(1),
thevelocityprofileisessentiallya straightlineinthisregion.
Theboundarylayerisnowasswned,forthepurposeof determiningthe
wallstress,tobe sharplydividedintoa turbulentregionhavinga
power-lawvelocityprofileanda laminaregionhavinga straight-line
velocityprofileas showninfigure1 by thesolidlines.Thereal
stateof affairsis indicatedapproximatelyby thedashedline. The
stressinthelaminarlayerjustbelowtheassumedintersection,the
pointwhere 5 = 5L and u = uL)
be takenas ~TlJ~L/~L. Since ~ =
laminarsublayerisapproximately
()&-l‘s‘ow‘ivenbyvby L ‘hich‘iii
O atthewallorthestressinthe
constant,
(8)
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,
Theskin-frictioncoefficientis
(9)
For n = 7,equation(9)becomes
3
1- .9 11 -A 1--
Cp=2b~~QI’R’
Equation(10)isoneformofthe
4
= ConstantRb 4 (lo)
skin-frictionlawthathasbeen
showntobe veryclosetothetruestateo~affairsfortheturbulent
boundarylayer.Thevalueof%he constantfoundexperimentallyis0.045.
(Seereference1,p. 147.) Thevalueoftheratio--&, whichWill
yieldthisresult,=is0.0444.
Theassumptionfa definitiveratioof stressesistantamountto
assumingthattheReynoldsnumberULbLl~)whichischaracteristicof
thelaminarsublayer,isa constant.ThisReynoldsnumberformedfrom
thevaluesof bL and uL fromequations(6)and(7)is
UL8L
RL=~= n(r- 1)k2
Putting n = 7 and k2 _ 0.0444 intoequation(11)gives
r- 1
(11)
.
It is interestingtoconsiderthesignificanceofthisnuniber.It
maywellbe closeto thecriticalReynoldsnuniberof thestraight-line
velocityprofileinthelaminarsublayer.Belowsuch a Reynoldsnumber
alldisturbanceswouldbe damped;whereasabovesucha Reynoldsnumber
disturbanceswouldfeedonenergyfromthesteadymotion.Thiscondition
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7
woulddefinethelaminarsublayerthicknessandalsoa mechanismby
. whichtheturbulentboundarylayermightreceivenergyinorderto
continueitsexistence.
An estimateofthisstabilitycriterioncanbemadeby usingthe
resultsof vonK&&n (reference9]. Thesizeofroughnessheighth
requiredjusttostartto changetheskinfrictionwasfoundtobe given
approximatelyby
also
Theagreementbetweenthisvalueandthevalueobtainedby thepresent
analysisisgood.
An ideaoftheaccuracyoftheboundary-layermodelassumedmay
be hadby referringto figure2,whichisa replotofthedatapre-
sentedinfigure5 ofreference10. Thevelocityprofileshownisthat
ina fullydevelopedturbulentchannelflowwheretheReynoldsnumber
basedonthehalfwidthof thechannelis12,200.Thesharptransition
fromlaminarprofileto turbulentprofileis quiteevident.Ifthe
valuefor k2~ foundfortheconditionof n = 7 issubstituted
r-
intoequation(6), thereresults
(12)
bL
Fora valueof Rb = 12,200,equation(12)yieldsa valueof ~ = 0.022~
.
whichagreeswellwiththeexperimentalvalueof 0.025determinedfrom
theintersectionfthestraightlinesinfigure2.
l
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EXTENSIONTO COMPRESSIBLEFLOWS
Theextensionoftheforegoingderivationto compressibleflows
isstraightforward.Equation(4)fortheratioofthetotalstressto
thelaminarstress tillholds;however,sincethevalueof v isnot
constant,it---musttakeon itslocalvaluedependenton y. Theratio
of stressesattheedgeofthelaminarlayeristherefore
sothat
(13)
and
:= I%1)3F (14)
Whenthestressatthewallisevaluateditmustbe keptinmind
thatthevalueof theviscosityisnotconstanthroughthelaminar
sublayer.Thevelocity-profileshapeassumedis showninfigure3.
Thestressinthelaminarsublayerjustbelowtheintersectionisagain()auassumedtobe givenby ‘&L , whichwillhe takenas ~LULlbL.Although
theviscositymayvaryasthewallisapproached,thestressmustremain
constantasbefore;thereforetheresultingwallstressis
Theskin-frictioncoefficientbecomes
“=2 K1!S(H%
(15)
(16)
—
l
.
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.
Whenequation(16)iswrittenintheform
.
(17)
itmaybe comparedwiththevalueforincompressibleflowgivenby
. Ifthevalueof k isnotchangedappreciablyingoingto fairly
highMachnumbers,forexample,O ~M ~ 4 or5,thenforthes-e value
of ~ and n ineachcase,
l
2
Cf
-()
p~ v~m
—= — (18)
cfM=O Po ~o
ThemagnitudeofthereductioninskinfrictionwithMachnumber
as givenby equation(17)canbe foundinthefollowingmanner.Since
thepressureisconstanthroughouttheboundarylayer
PL TO
—=—
Po TL
andwhenitisassumedthat
equation(18)becomes
e=(#%F=@FtF’w
(19)
(20)
(21)
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.
Sincethediscussionisfarzeroheattransferandsincetheassump-
tionof constantotalenergyintheturbulentlayerisnotliableto l
introducetoomucherror,thetemperatureatioinequation(21)maybe
written
Thus,
~= (’++M2H3’1}-C:o={[Y -lMal1+7
Forairwhere y = 1.4, m = 0.76,and
Cf _
{[
M21-
Cf l+—
M=O 5
Equation(2~)showsthattheratio
d
l+2m-n
( )11u~2 n+l-—%
n = 7, equation(23)becomes
2
( )1]
-0.56
uL
E
(22)
(23)
(24)
o&skin-frictioncoefficientfor
thecompressiblecasetotheincompressibleakin-frictioncoefficient
dependsprincipallyonMachnumberandonlytoa verylimitedextenton
Reynoldsnumbersince UL/~ isnot-particularlysensitivetoReynolds
Inumber.
()UL 2Thevalueof. ~ tobe putintoequation(24)isfoundfrom
equation(13)as follows:
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I-1
then
. 2 2(mtl)
or
uL 2 n(r- 1) Vo
10
~ TL n+l
~=k2q%
L A
or
Thus,
n+l
[)]
uL 2 2(msl)
G
where
A=
,!E&)+M2)=o
1r -. rn(r- 1)‘o ‘1
(25)
L k’ UOQJ
()uL 2Equation(25)maybe solvedfor — foranyMachnumberand%
Reynoldsnum”erRb. Theseresultsmaythenbe insertedintoequa-
tion(23)for cf/cfM=O.
Figure4 isa plotof
~~ and cf,cfM=OagainstM~~hnmber
obtainedfromequations(24)and(25)forseveraltypicalvaluesof Rb
fora one-seventh-powerv locityprofile.Theinsensitivityof skin-
friction-coefficientratioto
It isalwaysinteresting
l ontheskin-frictionratioas
althoughinthiscasesuchan
.
Reynoldsnumberis quiteevident.
forthesakeof argumento seetheeffect
theMachnumberapproachesinfinity,
extensionisnotjustifiable.As theMach
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()UL 2numberapproachesinfinity,theterm approachesunity(seeg
equation(25)),buttheexpressioninside-thebraceinequation(24)
approachesl/A,sothat
n-1-2m
COMPARISONWITHEXPERIMENTAIZllOTHERMETHOIX
Infigure5 theresultsofthisanalysi6arecomparedwiththe
experimental.resultspresentedbyWilson(reference7) andwiththe
experimentalndtheoreticalresultsofRubesin,Maydew,andVsrga
(reference6) aswellaswiththeoriginalsuggestionby vonK&n&n
(reference11). TheresultobtainedtheoreticallybyVanDriest(refer-
ence8) for a Reynoldsnumber~ equalto 7 x 106isalsocompared.
Thisresultmaybe comparedsince.thevaluesof Rb usedinfigure5
covera rangesufficienttoencompassthevalueof 8 thstmightexist
at x intheanalysisofVanDriest.The
andtheexperimentalresult-sto date”which
thecurvesofRubesinandWilsoniagood.
methodsuggestedbyMonaghan(reference4)
experimentalcurveofWilsonandtherefore
thatofthepresentmethod.
agreementbetweent~ismethod
aredescribedverywellby
Thecurveobtainedby the
almostcoincideswiththe
is ingoodagreementwith
CONCLUSIONS
A derivationoftheformotthe incompressibleturbulentskin-
frictionlawforan insulatedflatplateismadeinsucha waythatit
maybe extendedto compressibleflows.Thefollowingconclusionsmay
be drawn:
(1)Theincompressibleargumentdemonstratesthata Reynoldsnumber
characteristicofthelaminarsublayeruLb~/~isa constantapproxi-
matelyequalto 159. Thisvaluemaybe clos~to thecriticalReynolds
numberofthestraight-linevelocityprofileinthelaminarsublayer
belowwhichalldisturbancesaredampedandabovewhichdisturbances
mayfeedontheenergyofthesteadymotion.
.
,
NACATN 2692 13
.
l
(2)An expressionfortheratioof compressibleskin-friction
coefficientto incompressibleskin-frictioncoefficienta thesame
valueofReynoldsnumberbasedontheboundary-layerthicknesson an
insulatedflatplateisderived.Theagreementbetweenthecompres-
sibleandincompressibleskin-frictioncoefficientsfoundexperimentally
andthosepredictedby thepresentmethodisgood.
(3)Theratioof compressible to incompressibleskinfrictionis
showntobe ratherinsensitivetoReynoldsnumberbasedon theboundary-
layerthicknessandtobe principallya functionofMachnumber.
LangleyAeronauticalLaboratory
NationalAdvisoryComnitteeforAeronautics
LangleyField,Vs.,February14,1952
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